Definition 1.3 For a n × n × p tensor T = (A 1 ; A 2 ; , . . . ; A p ), the homogeneous polynomial in x 1 , ..., x p of degree n f T (x 1 , x 2 , ..., x p ) = det(x 1 A 1 + x 2 A 2 + · · · + x p A p ) (1.4) is called the determinant polynomial of a tensor T .
Then we have the following important characterization.
Theorem 1.5 If T = (A 1 ; A 2 ; , . . . ; A p ) is absolutely nonsingular, its determinant polynomial f T (x 1 , x 2 , ..., x p ) is a positive definite homogeneous polynomial or negative definite homogeneous polynomial.
Proof Let T = (A 1 ; A 2 ; , . . . ; A p ) be absolutely nonsingular, and assume that there are two points x 0 and x 1 such that f T (x 0 ) > 0 and f T (x 1 ) < 0. The line combining the two points x 0 and x 1 must pass through the origin 0, since in the segment [x 0 , x 1 ] there must be x such that f T (x ) = 0 and it must be 0 because T is absolutely nonsingular. Let take another point x 2 which is not on the line . Then, the line passing x 0 and x 2 does not pass the origin and so f (x 0 )f (x 2 ) < 0 is impossible just by the same reason given in the previous sentence. So, f (x 0 )f (x 2 ) > 0. Next, consider the line passing x 1 and x 2 , which also does not pass the origin and f (x 1 )f (x 2 ) < 0. This is also a contradiction. After all, there don't exist points x 0 and x 1 such that f (x 0 ) > 0 and f (x 1 ) < 0. This proves Theorem 1.5.
It is well known that tensor rank is invariant by typical matrix transformations, say, p−, q−, and r−transformations defined below. So, equivalence relation of two tensors means that they have a same rank. Thus, to study equivalence among tensors is of some importance for rank determination. Definition 1.6 For a n × n × p tensor T = (A 1 ; A 2 ; · · · ; A p ), the following transformations
(1) T = (A 1 ; A 2 ; · · · ; A p ) → T = (P A 1 ; P A 2 ; · · · ; P A p ) by an n × n matrix P ∈ GL(n),
(2) T = (A 1 ; A 2 ; · · · ; A p ) → T = (A 1 Q; P A 2 Q; · · · ; A p Q) by an n × n matrix P ∈ GL(n), (3) T = (A 1 ; A 2 ; · · · ; A p ) → T = (R 11 A 1 + R 12 A 2 + R 13 A 3 ; R 21 A 1 + R 22 A 2 + R 23 A 3 ; R 31 A 1 + R 32 A 2 + R 33 A 3 ) by a p × p matrix P ∈ GL(n)
are called as p−, q−, and r−transformations and denoted by T → p T , T → q T andT → r T respectively. Further, if T 1 → p T 2 , the T 1 and T 2 are said to be in the p−equivalence. q− and r−equivalence are defined analogously.
Definition 1.7 Let T 1 = (A 1 ; A 2 ; · · · ; A p ) and T 2 = (B 1 ; B 2 ; · · · ; B p ) be two n × n × p tensors. If there is a sequence of {T i } starting from T 1 and ending at T 2 , in which T i and T i+1 are in the relation of p−, or q−, or r−equivalence, then T 0 and T 1 are said to be equivalent. Now we can reduce the equivalence relation into a more simple one by the following lemma.
Lemma 1.8 p−, q− and r−transformations are mutually commutative.
Proof For simplicity, we prove for p = 3, however, the proof is similar for a general p. First we prove the commutativity of p−transformation and r−transformation. Let T 1 → p T 2 → r T 3 and T 1 → r T 2 → p T 3
We will show that T 3 = T 3 . Let T 1 = (A 1 ; A 2 ; A 3 ) and P = (p ij ) and R = (r ij ). Then, T 2 = (P A 1 ; P A 2 ; P A 3 ) and T 3 = (r 11 P A 1 +r 12 P A 2 +r 13 P A 3 ; r 21 P A 1 +r 22 P A 2 +r 23 P A 3 ; r 31 P A 1 +r 32 P A 2 +r 33 P A 3 )
On the other hand and T 3 = (r 11 P A 1 +r 12 P A 2 +r 13 P A 3 ; r 21 P A 1 +r 22 P A 2 +r 23 P A 3 ; r 31 P A 1 +r 32 P A 2 +r 33 P A 3 )
Thus, T 3 = T 3 , and this means the commutativity of p-and r-transformations.
The commutativity of q-and r-transformations are proved similarly. p-and qtransformations are obviously commutative. This proves Lemma 1.8.
Note that in this paper we consider three cases of (1) P, Q ∈ GL(n) and R ∈ GL(p) and (2) P, Q ∈ GL(n) and R ∈ SL(p). and (3) P, Q ∈ SL(n) and R ∈ SL(p). The first is called GL(p)-equivalence or simply equivalence, and the second is called SL(p)-equivalence in short. The third case is called, in a full term, SL(n) × SL(n) × SL(p)-equivalence. Lemma 1.8 implies the following theorem.
Theorem 1.9 T 1 and T 2 are GL(p)-equivalent if and only if there is a set of ptransformation, q-transformation and r-transformation such that
Thus, the equivalence problem of tensors T 1 = (A
1 :, , , :
1 :, , , : A (2) p ) is reduced to the problem whether the following system of algebraic equations for P , Q and R can have a solution or not.
These algebraic equations have too many variables to solve even when the size of matrices A i is moderate. So, in this paper, we propose to see the problem through the determinant polynomial. Then, though we necessarily have to discard the sufficiency part of the problem, however, the problem becomes concise and tractable one by the following proposition.
Proposition 1.11
If T 1 and T 2 are GL(p)-equivalent, it holds that there is a constant c ∈ R and a p × p nonsingular matrix R ∈ GL(p) such that
So, we can say that Proposition 1.13 For two tensors, if the equation (1.12) does not hold for any constant c ∈ R and any matrix R ∈ GL(p), they are not GL(p)-equivalent.
Though the reduced equation (1.12) happens to be solved algebraically in some cases. However, it is still hard to solve, in general, a system of algebraic equation with too many variables. In fact, we need to decide whether a system of
homogeneous equations with (p 2 + 1) variables of degree n have a solution or not. So, in this paper, we avoid to solve the problem algebraically and propose to attack the problem from a geometric view point, that is, we propose to test non equivalence by checking whether the two surfaces of the determinant polynomials of T 1 and T 2 have a same geometric invariants, or not. Here, multi-linear algebra and differential geometry intersect through the widow of determinant polynomials. The first aim of this paper is to show theoretically that differential geometric invariants are useful as testers of non-equivalence among absolutely nonsingular tensors. The second aim is to show that we can calculate the values of the invariants with enough accuracy. Third, we compare the values of invariants calculated by the lattice method and by the t-design method. And it is shown that the lattice point method gives more stable values than the t-design method. As SL(p)-invariant, we consider first the volume enclosed by the constant surface and then we consider the affine surface area, and thirdly we consider the L p affine surface area of convex body. Affine surface area was studied by Blaschke [4] and extended to L p affine surface area by Lutwak [20] , (also see Leichtwess [13] ). As for a valuation theory of L p affine surface area, see the recent papers by Ludwig [15] and Ludwig and Reitzer [17] . Finally, as a general reference of affine differential geometry, see K. Nomizu and T. Sasaki [19] . This paper is organized as follows. In Section 2, we show how to parametrize the constant surface of a determinant polynomial and in Section 3, we review briefly some definitions from differential geometry. In Section 4, we argue rough SL(p)-invariants. In Section 5, we deal with SL(p)-invariant. In the first subsection, we introduce the valuation theory for the set of convex bodies and in the second subsection, we argue a volume of the region enclosed by a constant surface as an SL(p)-invariant. In the third subsection, we argue the affine surface as a SL(p)-invariant. In Section 6, we consider the generalized affine surface, that is, L p affine surface area, especially centro-affine surface as a GL(p)-invariant. In Section 7, we review the theory of spherical t-design briefly and give a theorem important for approximate calculation of our proposed invariants. In Section 8, we give numerical values of the invariants calculated by the lattice method and t-design method. It is shown numerically that the proposed invariants is usefull to discriminate non equivalence. In Section 9, the conclusion is given. Finally note that in the following we consider mainly the case of n = 4 and p = 3, though some statements are given for general n and p. One reason is that absolutely nonsingular tensors are not so easy to obtain for general cases and the second reason is because it is easy to see that our method is also available for general cases. The study of much higher values of n and p will be given in the future work.
Parametrization of constant surface
The determinant polynomial of a 4 × 4 × 3 tensor T = (A 1 ; A 2 ; A 3 ), if T (x, y, z) = det(xA 1 + yA 2 + zA 3 ), is a homogeneous polynomial of three variables with degree 4. We are concerned with the integral invariants of the constant surface ∂Ω T = {(x, y, z)|f T (x, y, z) = 1} for the special linear group SL(3) and the general linear group GL(3). To get such invariants, we need to parametrize this surface by the usual spherical coordinate,
3) where 0 < s < π, 0 < t < 2π. Let x denote the point (x, y, z) on the surface. Putting these into the equation f T (x, y, z) = 1, we have
And so,
This equation (2.6) gives a parametric representation of the constant surface ∂Ω T . Then, the following is a starting point of this research of the constant surface.
Theorem 2.7
The constant surface of the determinant polynomial of an absolutely nonsingular tensor is a compact set in R 3 without self-intersection.
Proof Without loss of generality, we assume that f T (x) is positive definite. If x ∈ ∂Ω T , for any 0 < r < 1 and r > 1, rx is not in ∂Ω T . That is, the constant surface is of a star-shaped. This proves that the surface has not any self intersection. Since p(s, t) is continuous on the unit sphere it takes a positive minimum and a positive maximum. So, x in the equation 2.6 is bounded, which implies the compactness of the constant surface. This completes the proof of Theorem 2.7. the following tensor and its determinant function respectively.
Notations from differential geometry
For the use in the following sections, we review some basic notations of differential geometry. For more details, for example, see the Nomizu and Sasaki [19] . When we denote the parametrized point on the surface by x(s, t), we denote its partial derivatives by
are called the first fundamental coefficients. Putting dx = x s (s, t)ds + x t (s, t)dt, the form
is called the first fundamental form of the surface.
is called the unit normal vector at the point x(s, t).
Definition 3.8 Putting
the scalar functions
are called the second fundamental coefficients. The form
is called the second fundamental form of the surface.
Definition 3.12 At the point P on the surface, let k 1 and k 2 be the maximum and minimum of curvatures of curves generated by the intersection of the surface with the plane spanned by the normal vector and a tangent vector, H = (k 1 + k 2 )/2 is called the mean curvature and K = k 1 k 2 is called the Gaussian curvature. These are calculated by
For checking GL(3)-equivalence between two tensors T 1 and T 2 , we need to test the equation f T 2 (x) = cf T 1 (xR), c ∈ R and R ∈ GL(3).
Thus, GL(3)-equivalence reduces to SL(3)-equivalence. Then, the following theorem holds.
Theorem 4.2 For two tensors T 1 and T 2 , assume that f T 2 (x) = cf T 1 (xS) does not hold for any choice of c ∈ R and anyS ∈ SL(3). Then, T 1 and T 2 are not GL(3) equivalent.
This justifies to study SL(3)-equivalence among absolutely nonsingular tensors for investigating GL(3) equivalence.
Remark 4.3 If c is negative, then by consider T 3 = P T 2 with |P | < 0, we have
where T 3 is equivalent to T 2 . Thus, we can assume by writing T 3 as T 2 again
The following rough SL(3) invariants are useful.
Theorem 4.4 A convex surface is transformed into a convex surface by a SL(3) linear transformation and so, a tensor with a determinant polynomial whose constant surface is convex is not equivalent to a tensor with a determinant polynomial whose constant surface is not convex. and the determinant polynomials of T 1 and T 2 are given below respectively. Then, we have
Note that both of them are positive definite, that is, both of T 1 and T 2 are absolutely nonsingular. It is clear that the constant surface of f T 1 (x) is a sphere and it has no singular point, and on the other hand, that the constant surface of f T 2 (x) is a conic and it has a singular point. Hence, T 1 and T 2 are not equivalent.
Definition 4.8 When we consider a mesh of the parameter space,it produces a lattice of points on the constant surface. Let K + be the number of lattice points at which the Gaussian curvature is positive, and K − and K 0 be defined in the same way.
Then we have
SL(3) integral invariants
The following Figure 2 and 3 shows the figures of convex bodies that are enclosed by constant surfaces. The number of figures corresponds to that in our list of absolutely nonsingular tensors ( Maehara [18] ). In this section, we want to find some SL(3)- invariant for such convex bodies. For this purpose, the following valuation theory is a quite useful. Here, we make a brief summary of the valuation theory from Ludwig [15] and [17] . The definition is stated for a general p.
Definition 5.1 Let K denote the set of all convex bodies in R p . A functional t(·) from K to R is called a valuation if it satisfies
Next theorem is a starting point of characterization of invariant valuation. 
where V 0 (K), V 1 (K), · · · , and V p (K) are the intrinsic volumes of K. We remark that the volumes V k are called quermassintegrals of K in [13] and that V 0 is the Euler index, V p−1 the affine volume of ∂K, and V p is the volume of the convex body K.
In the following, we simply denote by a(K) as the affine volume and call it affine surface area following [17] , and denoe by V (K) the volume V p (K).
Definition 5.5 A functional t(·) on K is said to be equi-affine invariant if it is SL(p)-invariant and location invariant.
The following is essential for us.
Theorem 5.6 (Ludwig [14] , [16] , [15] and [17] ). An upper semi-continuous valuation t(K) from K to R is equi-affine invariant if and only if there are constants c 0 , c 1 , ∈ R and c 2 ≥ 0 such that
where a(K) denotes the affine surface area.
In short, SL(p) invariant valuation is only the weighted sum of the Euler index and the volume V p (K)and the affine surface area a(K). This means that Proposition 5.8 V (K) and a(K) are SL-invariants.
So, we adopt the volume V (K) and the affine surface area a(K) as indexes of SL(p)-equivalence. Further, the next proposition by Lutwak [20] is very useful for us.
Proposition 5.9 When p = 3,a(K)is homogeneous of degree 3/2, that is,
Volume as an SL(3)-invariant
We are considering the equivalence relation among absolutely nonsingular tensors. As is shown in Theorem 2.7, for such kind of tensors, the constant surfaces of them are compact. Note that from Propisition 5.8 the volume of the region enclosed by the constant surface is SL(3)-invariant. Then, by the following Gauss's theorem, we can calculate the volume by the parametric representation given by the equation (2.6).
Theorem 5.11 (Gaussian formula) For the region Ω enclosed by the space surface ∂Ω, letting f dy∧dz+gdz∧dx+hdx∧dy be the differential form of 2nd degree, it holds
We denote by V (Ω) the volume of the region Ω. By this formula, we have 
Therefore,
Similarly,
and dx ∧ dy = (−1/4) dp/ds
(−1/4) dp/ds p 5/4 Φ y + dΦ y /ds p 1/4 ds ∧ dt.
By using these, we can calculate the volume of the region enclosed by the constant surface of the determinant polynomial. Let T 1 and T 2 be two n × n × 3 tensors and let Ω i denote the regions { bmx|f T i (x) ≤ 1}, which are enclosed by the surfaces of {x|f T 1 (x) = 1}. Then, by SL(3) invariance of volumes, we have
For GL invariance, the next lemma is helpful.
Proof By changing a polynomial f (x) into its constant multiple cf (x), the coordinates x(s, t) on the constant surface are subject to changes to (
is multiplied by c −3/4 . This proves the assertion of Lemma 5.17.
Theorem 5.19
Assume that T 1 and T 2 be SL(3) equivalent and therefore that there is a relation between their determinant polynomials, 20) where c ∈ R and R ∈ SL(3). Let V 1 (c) and V 2 (c) denote the volumes of Ω
Proof The proof is trivial from Lemma 5.17 and omitted.
From Theorem 5.19, we can know the constant c in the equation (5.20) . In the next section, it will be made clear that this expresson is helpful for establishing GL(3)-equivalence.
Affine surface area as an SL(3)-invariant
In this section, for testing SL(3)-equivalence, we propose to use the affine surface area, which is an SL(3)-invariant by Theorem 5.8. When p = 3, the affine surface area has the following integral expression.
Definition 5.22
For a smooth convex body K ⊂ R 3 , the affine surface area is given by
23)
where κ(∂K, x) is the Gaussian curvature and E, F and G denote the first fundamental coefficients.
Next, we show that the affine surface area is useful even as a tester of GL (3)equivalence. Assume that we know the constant c in the relation f T 2 (x) = cf T 1 (xR) with c ∈ R + and R ∈ SL(3) by Theorem 5.19. Then, Theorem 5.27 Let T 1 and T 2 be absolutely nonsingular tensors. Noting Remark 4.3, by Theorem 5.19, we can obtain the estimate of c ∈ R + under the assumption that their determinant polynomials have the relation f T 2 (x) = cf T 1 (xR) for some unknown constant c ∈ R + and an unknown matrix R ∈ SL(3). Then, if a(Ω 2 ) = c −1/8 a(Ω 1 ), T 1 and T 2 are not GL(3) equivalent.
By using Theorem 5.17, this is rephrased as
Theorem 5.28 Let T 1 and T 2 be absolutely nonsingular tensors. Then, if 
Integral GL(3)-invariant
In the latter half of the previous section, we presented a procedure to test a non-GL(3)-equivalence, however, it is somewhat indirect because we need to estimate the constant c before starting the procedure. In this section, we consider a direct method handling non-equivalence by using a generalized affine surface area. That is, we consider the L q affine surface area, which is an extension of the affine surface area and developed by Letwak [20] . Hug [10] gave an equivalent definition. The following is the Hug' s definition.
where
and dσ K (x) is called a cone measure defined by
and n(K, x) denotes the outer normal at x on ∂K.
When q = 1, L q (K) becomes the affine surface area a(K), and when q = p, it becomes a classical centro-affine surface area a c (K) thta is defined as (6.5) which is known to be GL(p)-invariant. The characterization of a general GL(p)-invariant functional is given below. 
Spherical design
According to our experiments, the numerical integrations of the invariants must be accurate at least 2 decimals. So, the caluculations of the invariants are a little bit heavy. In this section, we consider the t-design method as an substitute of the nemerical integrations. The spherical design was initiated by Delsarte et al. [7] and has been studied by several researchers, for example, see Bannai and Bannai [3] . It is defined as follows.
An overview of spherical design
Definition 7.1 A finite set X on the sphere is called t-spherical design if the following equality holds that for any polynomial f (x, y, z) with a degree less than or equal to t,
where S 2 denotes the unit sphere of R 3 and dσdenotes the surface element of the sphere and |S 2 | denotes the surface area of the sphere.
A parametrized integral formula of the equation 7.2 is given by
where (s i , t i ), i = 1, 2, ...., N are the corresponding parameters to the design points in X. One point to overcome for our purpose is that we need to integrate some nonlinear functions that are not polynomials and hence we can not use any t-design directly. However, we can rely on the next theorem to solve this point. |f (x, y, z) − p(x, y, z)| < t uniformly for some polynomial p(x, y, z) with degree less than or equal to t. Then, it holds that
Remark 7.7 By the above theorem, we need not to know the best approximate polynomial concretely in order to obtain an approximate value of the integration, and it is enough to use f (x, y, z) itself. Moreover the error of the approximation is bounded from above by the multiple of t by 8π. For a substantial evaluation of the approximation, we need to know t . The problem is interesting, however, it is a little bit heavy task at present, and so it is postponed to the future work.
Calculation of integral invariants by a 20-design
Using the result of the previous subsection, we consider the integration
where s, t moves 0 < s < π,0 < t < 2π. This integration can be thought to be an integration over the unit sphere by
where dS = sin(s). Hence,
is taken to be a function over the unit sphere and so the integral invariant can be approximated by the right hand side of the equation below.
The values of invariants calculated by the lattice method and the 20-design method will be give in the next section. The 20-design method show very nice approximations in some cases, however, do not show good approximations for other cases. That is, for our integration of invariants, the spherical design method does not give stable values, unfortunately. This might suggest that we need to use design with more higher degree than 20.
Effectiveness of the invariants as testers of nonequivalence
In this section, we will show the effectiveness of the numerical values of the invariants as testers of non-equivalence. We numerically calculated the volume V (Ω), the affine surface area a(Ω)and centro-affine surface area a c (Ω) of the region Ω = {x|f (x ≤ 1} defined by the determinant polynomials f T (x). As examples, we calculate them for the 16 tensors which are in K 0 , whose constant surfaces are figured in Figures 2 and  3 in the section 5. The numerical calculations are performed in two way, that is, by the lattice method and by the t-design method, and they are compared. As for the t-design method, we use the 20-design named des.3.216.20 in [8] which has 216 points. In the tables below, M1-P2-G5, M6-P2-G, M1-P2-G7 and 20-design denote the globally adaptive integration with accuracy of 5 digits, pseudo-Monte Carlo integration, the globally adaptive integration with accuracy of 7 digits by 64 decimal calculation and 20-design method by IEEE754 decimal calculation, respectively. For all calculation were done by Mathematica. volumes of the redions enclosed by the constant surface is clealry seen numerically for every absolutely nonsingular chosen tensors. Tables 2 and 3 of the affine surface area show that the affine suraface area is SL invariant and that all relevant tensors are not SL(4) × SL(4) × SL(3) equivalent mutually. From Theorem 5.28, combining the volume data, we also conclude that they are not GL equivalent. This last fact is also derived by a direct usage of the centro-affine surface data which is seen in Table 4 and Table 5 .
Indeed, Tables 4 and 5 show that the centro-affine surface area is really GL invarinat, and that three point decimal accuracy will be sufficient to detect non GL(3)-equivalence between 4 × 4 × 3 absolutely nonsingular tensors, whose elements consists of only -1,0,1. The M1-P2-G7 method seems clearly the best for discriminating the tensors relating to GL nonequivalence. Table 2 : Affine surface area:T n, where n = 001, 019, 022, 023 and 042 Each line denoted as T n-0 lists the value of the original tensor and the lines T n-i,i = 1, 2, ..., 5 list the values for the transformed tensors of Tn by a randomly chosen matrix of SL(3). Table 3 : Affine surface area:T n, where n = 060, 061, 065, 072 and 074 Each line denoted as T n-0 lists the value of the original tensor and the lines T n-i,i = 1, 2, ..., 5 list the values for the transformed tensors of Tn by a randomly chosen matrix of SL(3). Table 4 : Centro-affine surface area:T n, where n = 001, 019, 022, 023 and 042 Each line denoted as T n-0 lists the value of the original tensor and the lines T n-i,i = 1, 2, ..., 5 list the values for the transformed tensors of Tn by a randomly chosen matrix of GL(3). Table 5 : Centro-affine surface area:T n, where n = 060, 061, 065, 072 and 074 Each line denoted as T n-0 lists the value of the original tensor and the lines T n-i,i = 1, 2, ..., 5 list the values for the transformed tensors of Tn by a randomly chosen matrix of GL(3).
Conclusion
We treated the SL(4) × SL(4) × SL(3), GL(4) × GL(4) × SL(3) or GL(4) × GL(4) × GL(3) non-equivalence problem of 4 × 4 × 3 absolutely nonsingular tensors. We proposed a method to addres to the problem through the determinant polynomials. Furthermore we proposed to solve the problem by differential geometric SL(3) or GL(3) invariant of the constant surface of the determinant polynomials. From the numerical analysis by Mathematica, it was shown that the stable values of invariants are obtainable numerically and also it was shown that the affine surface area and the centro-affine surface area are useful to detect the non-equivalence. This means that the algebraic problem: whether a system of algebraic equations with many variables can have real solutions or not, can be resolved by differential geometric methods. It is a nice link between algebra and differential geometry. Second, we investigated the spherical design method for calculating invariants. At present, we think that the values given by the adaptive lattice methods are more reliable than those given by the spherical design method. In some future work, we expect to extend the result to more higher dimensional tensors and to know why the spherical design method does not give stable values of invariants.
